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Abstract. We introduce and investigate the basic properties of an involutory 
(dual) quasi-Hopf álgebra. We also study the representations of an involutory 
quasi-Hopf álgebra and prove that an involutory dual quasi-Hopf álgebra with 
non-zero integral is cosemisimple. 



Introduction 

One of the aims in [8] was to find a plausible definition of an involutory quasi-Hopf 
álgebra. Since the definition of a quasi-Hopf álgebra H is given in such a way that 
the category of its finite dimensional representations hM- has a rigid monoidal 
structure it seems to be natural to relate the involutory notion to a certain property 
of this category. 

On one hand, in the classical case of a Hopf álgebra, a categorical interpretation for 
the involutory notion was given by Majid in |26j . Namely, he has shown that for 
a finite dimensional Hopf álgebra H, the trace of the square of the antípode S of 
H , Tr(S 2 ), arises in a very natural way as the representation-theoretic rank of the 
Schrõdinger representation of H, dim (iJ), or as the representation-theoretic rank 
of the canonical representation of the quantum double, ámi(D(H)). Relating this 
to results of Larson and Radford [20] [21] and Etingof and Gelaki [15] , we obtain 
that the above rank coincide to the classical dimension of H if H is involutory; 
otherwise it is zero. 

This is why, for a finite dimensional quasi-Hopf álgebra H, we computed in [8] the 
representation-theoretic rank of a finite dimensional quasi-Hopf álgebra H, and of 
its associated quantum double D(H), within the category of finite dimensional left 
modules over D(H) 1 D(H)M íd . More precisely, for a quasi-Hopf álgebra H , we have 

dim(ií) = dim(D(H)) = Tr (h i-> S- 2 {S{f3)ah(3S(a))) . 

Therefore, we call a quasi-Hopf álgebra H involutory if S 2 (h) = S(f3)ahf3S(a), for 
ali h G H. 

On the other hand, due to some recent results of Etingof, Nikshych and Ostrik [13] , 
it seems that the notion of involutory quasi-Hopf álgebra should be given in such a 
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way that, at least over an algebraic closed ficld of characteristic zero, its category 
of finite dimensional representations is a fusion category and, moreover, has that 
unique pivotal structure with respect to which the categorical dimensions of simple 
objects coincide with their usual dimensions. In other words, an involutory quasi- 
Hopf álgebra, say H, should be semisimple as an álgebra and such that the identity 
functor and the second duality functor (— )** of the category H-M ià are tensor 
isomorphic via a tensor functor, say j. In addition, we should have 

dim.k(V) = evy» o (j v ® idy) o coevy, 

for any simple finite dimensional left ií-module V, where evy» and coevy are the 
evaluation map of V* and the coevaluation map of V, respectively. Note that the 
composition on the right hand side of the above equality was defined in [13j as 
being the categorical dimension of V . 

We have to stress the fact that our defmition for an involutory quasi-Hopf álgebra 
agrees with this point of view. More precisely, over a field of characteristic zero 
(or, more generally, if dim(ií) ^ in k) any involutory quasi-Hopf álgebra is 
semisimple because of the trace formula for quasi-Hopf álgebras proved in [8] . Also, 
by Lemma l2.2l below for an involutory quasi-Hopf álgebra the square of the antipode 
in an inner automorphism defined by S(f3)a. Now, using some results from |251 
[29] we will prove that the invertible element g which defines j is exactly (3S(a), 
the inverse of S(/3)a. From here we conclude that the family of left íZ-module 
isomorphisms 

jv ■ Fguh (v* v*(S(/3)a ■ v)) S V** 

endows hMt with the unique pivotal structure with respect to which the categor- 
ical dimension of any simple object V of H-M íd coincides with its usual dimension. 
Ali the details are presented in Section [3] 

Then the aim of this paper is to see that with our defmition of an involutory (dual) 
quasi-Hopf álgebra some results of Lorenz [21] can be generalized to quasi-Hopf 
álgebras, and that the main result of Dãscãlescu, Nãstãsescu and Torrecillas in [TÕ] 
has a counterpart for involutory dual quasi-Hopf álgebras. 

The paper is organized as follows. In Section [2] we introduce the involutory notion 
and then we study their basic properties. Starting with H(2), the (involutory) 
quasi-Hopf álgebra presented in [TJ, using different constructions as transmutation, 
bosonozation or quantum double, we will be able to construct three involutory 
quasi-Hopf álgebras of dimension 4. It comes out that ali of them are k[C2 x C2], the 
group Hopf álgebra associated to the Klein group, viewed as quasi-Hopf álgebras 
via some non-equivalent 3-cocycles. Moreover, ali of them are not coming from 
twisting k[C2 ® C2] by a gauge transformation. Also, we will prove in Section [3] 
that, under a "natural" condition, the involutory property survives when we pass 
from H to its quantum double. Note that this "natural" condition is satisfied if we 
work over an algebraic closed field of characteristic zero. 

In Section |4] we study the representations of an involutory quasi-Hopf álgebra. 
Namely, we show that if H is an involutory semisimple quasi-Hopf álgebra over a 
field k then the characteristic of k does not divide the dimension of any finite dimen- 
sional absolutely simple ií-module. We also prove that if is a non-semisimple 
involutory quasi-Hopf álgebra then the characteristic of k divides the dimension 
of any finite dimensional projective ii-module. Both results generalize well-known 
results in Hopf álgebra theory due to Larson and Lorenz, see [22l [24] . 
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The first goal of Section[5]is to introduce and study the dual concept: involutory 
dual quasi-Hopf álgebras. Then due to some recent results proved in [3] we will be 
able to show that any involutory co-Frobenius dual quasi-Hopf álgebra over a field 
of characteristic zero is cosemisimple. This result was proved for Hopf álgebras in 
[IÕ] and it can be viewed as an extension of the results of Larson and Radford to 
the infinite dimensional case. For Hopf álgebras it is well-known that the converse 
property is true only in the finite dimensional case. 



1. PRELIMIN ARIES 

We work over a commutative field k. Ali álgebras, linear spaces etc. will be over k; 
unadorned Cg means Cgfc. Following Drinfeld [12] . a quasi-bialgebra is a four-tuple 
(H, A, s, <£>) where H is an associative álgebra with unit, <í> is an invertible element 
in H Cg H Cg H, and A : H — > H Cg) H and e : H — > k are álgebra homomorphisms 
satisfying the identities 

(1.1) (id ® A)(A(h)) = $(A $ id)(A(h))<f>-\ 

(1.2) (id®e)(A(fc)) = fc, (e <E> íd)(A(h)) = h, 

for ali h G H, and $ has to be a 3-cocycle, in the sense that 

(1.3) (1 cg> $>)(id ® A (gi id)($)($ cg) 1) = (id Cg) id® A)($)(A cg) cg id)($), 

(1.4) (id(g e cg) id)($) = 1 Cg 1. 

The map A is called the coproduct or the comultiplication, e the counit and $ the 
reassociator. As for Hopf álgebras we denote A(h) = hi®h 2l but since A is only 
quasi-coassociative we adopt the further convention (summation understood) : 

(A®id){A{h)) = cg/i (1 , 2 ) cg/i 2 , (id cg A) (A(ft)) = fci cg /i (2 ,i) ®/i(2,2), 

for ali /i G ií. We will denote the tensor components of $ by capital letters, and 
the ones of í -1 by small letters, namely 

$ = X 1 cg A 2 cg AT 3 = T 1 cg T 2 cg T 3 = V 1 cg cg = ■ ■ ■ 
= a; 1 cg a: 2 cg x 3 = t 1 cg í 2 Cg í 3 = w 1 Cg v 2 cg w 3 = • • • 

ií is called a quasi-Hopf álgebra if, moreover, there exists an anti-morphism S of 
the álgebra H and elements a,(3(zH such that, for ali h € ií, we have: 

(1.5) S{h 1 )ah 2 = s(h)a and hi/3S{h 2 ) = e{h)P, 

(1.6) A^A^aA 3 = 1 and Sip^cePpSip?) = 1. 

Our definition of a quasi-Hopf álgebra is different from the one given by Drinfeld 
[12] in the sense that we do not require the antipode to be bijective. Nevertheless, in 
the finite dimensional or quasi-triangular case this condition can be deleted because 
it follows from the other axioms, see [3] and [S]. 

The definition of a quasi-Hopf álgebra is "twist coinvariant" in the following sense. 
An invertible element F e ií Cg ií is called a gauge transformation or twist if 
{s®id){F) = (idcge)(F) = 1. If ií is a quasi-Hopf álgebra and F = F 1 ®F 2 e H®H 
is a gauge transformation with inverse í 1-1 = G 1 Cg G 2 , then we can define a new 
quasi-Hopf álgebra Hp by keeping the multiplication, unit, counit and antipode of 
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H and rcplacing the comultiplication, reassociator and the clcmcnts a and (3 by 

(1.7) A F (h) = FA(h)F~\ 

(1.8) $ F = (l®F)(id® A)(F)^(A ® id){F- 1 )(F~ 1 ® 1), 

(1.9) q;f = S , (G 1 )aG 2 , /3 F = F 1 (3S(F 2 ). 

For a quasi-Hopf álgebra the antípode is determined uniquely up to a transfor- 
mation a i-> a := Ua, /3 ^ /3b := /?U"\ h-» S^W := US^ir 1 , where 

U G ií is invertible. In this case we will denote by H v the new quasi-Hopf álgebra 
(H, A,e,<S>,S v ,a v ,[3 v ). 

If H = (H, A, e, $, S, a, (3) is a quasi-bialgebra or a quasi-Hopf álgebra then 
H op , H cop and H° p,cop are also quasi-bialgebras (respectively quasi-Hopf álgebras) , 
where "op" means opposite multiplication and "cop" means opposite comultipli- 
cation. The structures are obtained by putting $ op = < f )_1 , & C op = ($ -1 ) 321 , 
^op^op — <P 324 , <íj p = ^cop = (iSop.cop) = S , oí Q p — S ^(j3), /3op = S ^(q;), 
acop = S^ 1 (a), í3 CO p = S 1-1 ^), a oP: cop = /3 and /3 op ,cop = a. 

The axioms for a quasi-Hopf álgebra imply that e o S = e and e(a)s([3) = 1, so, by 
rescaling a and /?, we may assume without loss of generality that s(a) = e{fi) = 1. 
The identities ([O]) . ([O]) and (fO]) also imply that 

(1.10) (e®id® id)(<è) = (id (g> id <g> e)($) = 1 <8> 1. 

It is well-known that the antípode of a Hopf álgebra is an anti-coalgebra morphism. 
For a quasi-Hopf álgebra, we have the following statement: there exists a gauge 
transformation / £ H ® H such that 

(1.11) fA{S{h))f~ 1 = (S®S){A cop (h)), faráUAeiT, 

where A cop (h) = J12 <S> h\. The element / can be computed explicitly. First set 

(1.12) A 1 ® A 2 <g> A 3 ® A 4 = ($ ® 1)(A ®id® id)^- 1 ), 

(1.13) B 1 ® B 2 ® B 3 ® B 4 = (A®id® id)^)^- 1 ® 1) 
and then define 7, (5 € ií <g> H by 

(1.14) 7 = S'(A 2 )av4 3 ® S(A 1 )aA 4 and á = B 1 f3S(B i ) ® B 2 (3S{B 3 ). 
With this notation / and / _1 are given by the formulas 

(1.15) / - (S®S)(A op (x 1 )) 1 A(x 2 (3S(x 3 )), 

(1.16) f' 1 = A(S(x v )ax 2 )6(S®S)(A cop (x 3 )). 
Moreover, / satisfies the following relations: 

(1.17) /A(a)= 7 , A{P)f- l =6, 

(1.18) (1® f)(id® A){f)$(A®id)(f- 1 )(f- 1 ® 1) = (S^^^^ÍX^X^X 1 ). 
In a Hopf álgebra H, we obviously have the identity 

hi ® h 2 S(h 3 ) = h ® 1, for ali h e H. 

We will need the generalization of this formula to quasi-Hopf álgebras. Following 
[HI>1 [17] , we define 

(1.19) p R = p 1 ® p 2 = x 1 ® x 2 /^ 3 ), ç fi = ç 1 ® ç 2 = X 1 ® S^iaX^X 2 , 

(1.20) p L ^P 1 ®P 2 = X 2 S- 1 (X 1 f3) ® X 3 , q L = q 1 ®q 2 = Six^ax 2 ®x 3 . 
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For ali h £ H, we then have 



(1.21) A(/n)p fl (l®S(/i2)) = Pn(h®l), 

(1.22) (lg^-H^JteA^i) = (fc®l)g fll 

(1.23) MtyPLiS^fa)® 1) = 

(1.24) (5(/n) O l) 9L A(/i 2 ) = (!(»%£. 



Furthermore, the following relations hold 




Finally, for further use we need the notion of quasi-triangular quasi-Hopf álgebra. 
Recall that a quasi-Hopf álgebra H is quasi-triangular (QT for short) if there exists 
an element R = R 1 ® R 2 = r 1 ® r 2 e H ® H such that 



(1.32) (e®id){R) = (id®e)(R) = l. 

To any fhaite dimensional quasi-Hopf álgebra H we can associate a QT quasi-Hopf 
álgebra D(H), the quantum double of H. From [Tôl [TTl [4] , we recall the definition 
of the quantum double D(H). Let {&í\í = y^, t> e a basis of -ff, and {e l } i= Y^ the 
corresponding dual basis of -ff*. We can easily see that ff*, the linear dual of -ff, 
is not a quasi-Hopf álgebra. But ff* has a dual structure coming from the initial 
structure of H. So -ff* is a coassociative coalgebra, with comultiplication 



The convolution is a multiplication on -ff*; it is not associative, but only quasi- 
associative: 



M£ = (X 1 - p - z x )[(X 2 - V ^ ^ 2 )(^ 3 ^ í ^ z 8 )], V e H*. 



We also introduce 5 : ff* — » -ff* as the coalgebra antimorphism dual to 5, this 
means (S(ip), h) — (ip, S(h)), for ali ip e .ff* and h E H . 
Now consider Í7 G iJ® 5 given by 



n = ® ti 2 ® vl 3 ® ® st 

(1.33) = X^yV ® Xl h2) y 2 x\ ® X\ y 3 x\ ® S~ 1 (f 1 X 2 x 3 ) ® S"^/ 2 * 3 ), 



where / G ff <g> ff is the element defined in (|1.15p . We define the quantum double 
D(H) — H* M -ff as follows: as a fc-linear space, D(H) equals -ff* ® -ff, and the 



(1.29) 
(1.30) 
(1.31) 



(A®id)(R) 
(id®A)(R) 
A cop (h)R 



X 2 R 1 x 1 Y 1 O X 3 a; a r 1 y 2 O X^xVY 3 
cc 3 E 1 X 2 r 1 y 1 ® x l X 1 r 2 y 2 ® x 2 R 2 X 3 y 3 
RA(h), for ali /i e -ff 



n 




or, equivalently, A((p) = <pi <g> (f2 <p(hh') = Lpi(h)(p 2 (h'), for ali h, h' G -ff. 
.ff* is also an -ff-bimodule, by 

(h -v /i') = (p, (93 h, /i') = ((p, htí). 
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multiplication is given by 

[<p ix h)(ip txi h!) 

(1.34) = [{9} tp íl 5 ){n 2 h (hl) V S^HM^ 4 )] X fi 3 /i(i, 2 )/í'- 

From [16l[T7] we know that D(H) is an associative álgebra with unit EMl, and H is 
a vmital subalgebra via the morphism ip : H — > D(H), io{h) = etxih. Moreover, 
D(H) is a quasi-triangular quasi-Hopf álgebra with the following structure: 

A D (ip M /i) = (e x X 1 ^ 1 )^ 1 y> 2 ^ F 2 S , " 1 (p 2 ) x p^/ii) 

(1.35) ®(X 2 <<- S" 1 ^ 3 ) x X%Y 3 x 3 h 2 ) 

(1.36) /i) = ei^ipiS-^a)) 

(1.37) $ D = (i D <g> i D ® iu)($) 

(1.38) SdÍp x fr) = (e d« SWfttóU 1 - - / 2 S" V) ^ P \U 2 ) 

(1.39) ac = e tx a, /3r> = £ x /3 

(1.40) i? D - j^(e x 5-V)eiPÍ) ® (e* «Pj). 

i=l 

Here pi?, = p 1 ® p 2 and f = f 1 ® f 2 are the elements defined by (|1.19p and (11.15p . 
respectively, and U = U 1 <3 U 2 E H <E> H is the following element 

(1.41) U = U X ®U 2 = g 1 S{q 2 )®g 2 S(q 1 ), 

where / _1 = g 1 ®g 2 and qn = q 1 ®q 2 are the elements defined by (|1.16p and (|1.19|1 . 
respectively. 

2. Involutory quasi-Hopf álgebras 

The purpose of this Section is to introduce and study involutory quasi-Hopf ál- 
gebras. As we have already explained in the Introduction there is a categorical 
interpretation for this definition, see [8]. 

Definition 2.1. A quasi-Hopf álgebra is called involutory if the following formula 
holds for ali h e H: 

(2.1) S 2 (h) = S((3)ah(3S(a). 

Examples of involutory quasi-Hopf álgebras will be presented at the end of this 
Section. 

Next we prove that for an involutory quasi-Hopf álgebra the square of the antipode 
is inner via an element depending of a and (3. 

Lemma 2.2. Let H be an involutory quasi-Hopf álgebra. Then S{f3)a is an in- 
vertible element and (S(/3)a) — f3S(a). In particular, S 2 is inner and therefore 
S is bijective. Moreover, a and /3 are invertible elements and 

(2.2) aT 1 =S- 1 (af3)P = (3S(/3a), 

(2.3) /T 1 = S(l3a)a = aS- 1 (a/3). 

Proof. For simplicity denote u = S(/3)a and v = j3S(a). Then S 2 (h) = uhv, for ali 
h £ H . Since S* 2 is an álgebra map, we have that 1 = S 2 (\) = uv. This implics 
that S 2 (u) = uuv = u and S 2 (v) = uvv — v. Then we find that vu = S 2 (v)S 2 (u) — 
S 2 {vu) = uvuv = 1. This shows that u^ 1 — v. The relation vu — 1 comes out as 
(3S(l3a)a = 1. Thus (3 has a right inverse, namely S(f3a)a, and a has a left inverse, 
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namely (3S(f3a). Similarly, from uv = 1 we obtain that S(f3)a(3S(a) — 1. Since 5 
is bijective this is equivalent to aS~ 1 (af3)f3 — 1, so (3 has also a left inverse, namely 
a5~ 1 (a/3), and a has a right inverse, namely S~ 1 {af3)(3. It follows now that a and 
P are invertible and that there inverse are given by (]2.2I2.3|) . □ 

Remark 2.3. Following the ideas in [8], there are two seemingly different ways to 
introduce the notion of involutory quasi-Hopf álgebra. The first definition is ob- 
tained from the formula of the categorical representation rank of H and D(H), the 
quantum double of H, and requires that the map sending h to S~ 2 (S((3)ah(3S(a)) 
is the identity of H; this is clearly equivalent to (|2.1[) in Definition l2.lt The second 
definition involves 5 2 and is obtained from the trace formula for quasi-Hopf álge- 
bras proved in [8]. It requires that the map sending h G H to f3S(a)S 2 (h)S((3)a 
is the identity of H. It follows immediately from Lemma Í2.2I that these two defi- 
nitions are equivalent. Moreover, we can easily verify that H is involutory if and 
only if H op is involutory, if and only if ií co P is involutory, if and only if H° p ' cop is 
involutory. 

For a Hopf álgebra H it is well-known that S 2 = idn if and only if S(h2)h\ = e(h)l 
for any h S H, if and only if ]i2S(hi) = e(h)l for any h £ H (see for instance [TTT 
Proposition 4.2.7]). For quasi-Hopf álgebras we have the following result. 

Proposition 2.4. Let H be an involutory quasi-Hopf álgebra. Then for ali h 6 H 
the following relations hold: 

(2.4) S{h 2 )f3- 1 h 1 = e^/T 1 and h 2 a- 1 S{h 1 ) = e(h)a-\ 

Proof. As we have seen, if U G H is invertible then we can define a new quasi- 
Hopf álgebra H v = (H, A, e, 5o, ao, (3v), where ao = Ua, /% = /3U _1 and 
Sv(h) = U5(/i)U- 1 . 

Now, consider U = a . We know from Lemma [2~2l that U is invertible, so it makes 
sense to consider the quasi-Hopf álgebra H . In this particular case we have that 
oto = 1, = (3a and 

S v (h) = a- x 5(/i)a = (3S{f3a)S{h)a = (3S(a)S((3- 1 hf3)S((3)a = S- 1 {(3~ 1 hf3). 

Since Su(hi)auh2 = e(h)av for ali h 6 if, we get that S~ 1 (l3~ 1 h\[3)h2 = s(h)l, 
and this is equivalent to S(h,2)f3~ 1 hif3 = e(h)l, for ali h E H. It follows now that 
5(/i 2 )^" 1 /ii = e(/i)/T 1 for ali h€H,as needed. 

Similarly, using the fact that hi(3tjS(h2) = e(/i)/?u f° r ah h £ H, one can prove that 
/i2a _1 5(/ii) = e(/i)a _1 for ali h £ H, the details are left to the reader. □ 

Let us now present some examples of involutory quasi-Hopf álgebras. 

Examples 2.5. 1) To any finito dimensional cocommutative Hopf álgebra H and 
any normalizcd 3-cocycle ui on H we can associate a quasi-Hopf álgebra, D^(H) : see 
0. For £> w (ií) we have a = 1, /T 1 = 5(/3) and 5 2 (» = /T 1 /^, for ali h e L> w (ií). 
Thus D^(7í) is an involutory quasi-Hopf álgebra. 

2) Let /c be a field of characteristic different from 2, C2 the cyclic group of order 
two, and g the generator of C2. Following [T3], the two dimensional quasi-Hopf 
álgebra -ff (2) is the bialgebra A:[C2], the group álgebra associated to C2, viewed as 
a quasi-Hopf álgebra via the non-trivial reassociator $ = 1 — 2p_ ® p_ <S> p_ , where 
p_ = |(1 — g). The antipode 5 is the identity map and the distinguished elements 
a and (3 are a = g and /3 = 1, respectively. It is well-known that H(2) is not twist 
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equivalent to a Hopf álgebra. It is easy to see that ff (2) is an involutory quasi-Hopf 
álgebra. 

We will now study further properties of H{2). First we will show that if k contains a 
primitive fourth root of unity then there are exactly two quasi-triangular structures 
on -ff (2). In what follows, p± — i(l ±g). One can easily check that {p±} is a basis 
for ff (2) consisting of orthogonal idempotents, and that p + +p- = 1, p+ — p_ = g. 

Proposition 2.6. Suppose that k is a field of characteristic different from 2 con- 
taining a primitive fourth root of unity i. Then there are exactly two different 
R-matrices for H(2), namely, R± = 1 — (1 ± i)p~ ®p~. 

Proof. Suppose that R = al <g> 1 + bl <g> g + cg <g 1 + dg <g g is an i?-matrix for H(2), 
where a, b,c,d £ k. By (|1.32p we have that a + c = a + b~l and b + d = c + d = 0, 
and therefore b = c = —d and a = l — b. Hence, R should be on the form 

R = {l-b)l®l + bl®g + bg®l-bg®g = 1 - 6(1 -g) ® (1 - g) = l-wp_(gp_, 

where we denotcd 46 = lo. Now, we can easily see that 

(2.5) = í> = 1 - 2p_ ®p_ ®p-, 

and since X 2 (g X 3 <S> X 1 = the above relation implics 

X 2 R 1 x 1 (g X 3 x 3 ® X 1 R 2 x 2 = 1 - top- <g> 1 <g p_, 

and therefore, after some computations, we get 

^iíVV 1 (g) X Vr 1 ^ 2 (g) X^xVy 3 

= 1 — ojp- <g p + (g p_ — wp + ® p„ (g p_ - (2 — 2w + uj 2 )p- ® p_ ig> p_. 

On the other hand, we have A(p_) = p- <Z> p+ + p+ <g) P-, so 

( A (g) id) (i?) = 1 - cjp_ (g) p + (g) p_ - wp + <g p_ (g p_ . 

We conclude that (| 1 . 29[) holds if and only if 2 — 2lv + lo 2 = 0, and this is equivalent 
to lo = 1 ± i. 

Using (|2.5| for 3> _1 , we obtain in a similar way that 

x 3 R 1 X 2 <E) x 1 X 1 <E> x 2 R 2 X 3 = 1 - ® 1 <g p_ . 

Using this formula, it can be proved that 

x 3 R 1 X 2 r 1 y 1 (g x 1 X 1 r 2 y 2 (g x 2 R 2 X 3 y 3 

= 1 - (g p_ (g p + - (g p + (g p_ - (2 — 2w + u 2 )p- ®P-®p~. 

It is easy to see that 

(id (g A) (R) = 1 - (g p_ (g p + - top- (g p + (g p_ , 

so the relation in (|1.30p holds if and only if 2 — 2lo + lo 2 = 0. The relation in (|1.31|) is 
automatically satisfied because of the commutativity and cocommutativity of H(2). 
Thus the i?-matrices for ff (2) are in bijective correspondence with the solutions of 
the equation 2 — 2uo + lo 2 = 0, from where we deduce that R± = 1 — (1 ± i)p- ®p- 
are the only quasi-triangular structures on -ff (2). □ 

Remark 2.7. It is not difficult to show that ff(2) + = (H(2),R + ) and ií(2)_ = 
(H(2),R^.) are non-isomorphic QT quasi-Hopf álgebras, this means that there is 
no quasi-Hopf álgebra isomorphism v : H(2) — > -ff(2) satisfying (y (g v)(R + ) = 
Indeed, if such a v exists then (1 + i)u{p^) ® v(p ) = (1 — i)p- ®p~. If we write 
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v{p-) = ap- + bp+, for some scalars a,b € k, then from the above relation we 
obtain that a 2 — —i and b — 0. Since p± — p± and v is an álgebra map we get 
that ap- = v{p-) = v(p 2 _) = (ap_) 2 = —ip—, and we conclude that a = —i. But 
a 2 = —i, so i G { — 1,0}, a contradiction. 

To any quasi-triangular quasi-Hopf álgebra (H, R) , we can associate a new quasi- 
Hopf álgebra bos(H ), called the bosonisation of H (see Corollary 5.3]). H 
equals H as a vector space, with a newly defined multiplication o given by the 
formula 

(2.6) hoh' = X 1 hS(x 1 X 2 )ax 2 XftíS(x 3 X%), 

and left iZ-module structure given by h > h! = hxh' Sihz), for ali h, h! G H. Then 
bos(Ho) is the fc- vector space Tio (8> ií with the following quasi-Hopf álgebra struc- 
ture: 

(2.7) (6 x h)(b' x tí) = {x 1 > 6) o (x 2 /ii > ò') x .t 3 /i 2 /i', 
A(6 x h) 

(2.8) = y 1 X 1 > b k x y 2 Y 1 R 2 x 2 Xfh 1 ® y^iiVJT 2 > 62 X yfrVxf /i 2 , 

(2.9) ^mh^^xI^^xI^/JxI 3 , 

(2.10) s(ò xh) = (/3x S{X 1 x\R 2 h)a){X 2 x\R 1 > S Ho (6) x XWpS^)), 

for ali 6, 6', /i, /i' G ií, where we write b x h and 6' x h! in place of b <g) /i and 
respectively 6' (8 ft.' to distinguish the new structure on Hq (g> H, and where 

(2.11) 4(6) = 61 ® 62 := x 1 X 1 òi ff 1 S'(x 2 i? 2 y 3 Xf ) $ a^i? 1 > y 1 X 2 b 2 g 2 S(y 2 Xf), 

(2.12) (6) = A^JZVWPTW > &)^(9 2 )^ 3 ), 

for ali fe G ií. Hcrc R = R 1 ® R 2 and = .g 1 ® g 2 , = p 1 <8>p 2 and qn = q 1 ® q 2 
are the elements defined by (|1.16[) and 19[) . respectively. 

The unit for bos(Ho) is {3 x 1, the counit is e(6 x h) = e(b)e(h), for ali 6, /i G ií, 
and the distinguished elements a and /? are given by (3 x a and f3 x /3, respectively. 
Our next goal is to compute the quasi-Hopf álgebra structure on bos(Ho), in the 
case where H = íí(2)+ or ií = ii(2)_. 

Proposition 2.8. bos(H(2) + ) — bos(H{2)_) — fc[C 2 x C 2 ] as bialgebras, viewed as 
a quasi-Hopf álgebra via the non-trivial reassociator Q x := 1 — 2p x _ ® p x _ ® p x _ , where 
x is one of the generators of C 2 x C 2 , and where p x _ := ~(1 — x). The antípode 
is the identity map and the distinguished elements a and [3 are given by a = x 
and (3—1, respectively. In particular, bos(H(2) + ) = òos(ii(2)_) is an involutory 
quasi-Hopf álgebra. 

Proof. Since H(2)± are commutative álgebras and (3 = 1, it follows from (| 1 . 5|) and 
(jl.6p that the multiplication o defined in (|2.6|) coincides with the original multi- 
plication of H(2). Also, from the definition of H(2) it follows that the action > is 
trivial, i.e. h>h' — e(h)h', for ali h,h' G H(2). Using (|2.7|) we obtain that the 
multiplication on bos(Ho) is the componentwise multiplication, and by (|2.11|) we 
get that the comultiplication A on ií reduces to 

A(ò) = X^StfXl) ® y 1 X 2 b 2 g 2 S(y 2 Xf) = A^X^Iy 3 ® X 2 X 3 y 1 y 2 )f- 1 . 
We have that 

(id®id® A)($) = 1 - 2p_ ® p_ ® p+ ® p_ - 2p_ ®p-®p- ®p+, 
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and therefore X X X\ ® X 2 X\ = 1. Also, by (123]) we have 

y 3 ® y 1 y 2 = 1 - 2p_ ® p_ = 1 <g> p+ + g ® p_ , 

and a straightforward computation ensures us that the Drinfeld twist / and its 
inverse / _1 for -ff (2) are given by 

f = f~ 1 = g®p- + l®p+. 

Combining ali these facts we get A = A, and keeping in mind that the action 
> is trivial we conclude that the comultiplication in (|2.8|) is the componentwise 
comultiplication on ff(2) <g> ff(2). Thus bos(H(2) + ) = 6os(ff(2)_) = ff(2) ® ff(2) 
as bialgebras. Hence 6os(-ff(2) + ) = 6os(-ff(2)_) is generated as an álgebra by 
i = 1 x j and y = g x 1, with relations x 2 = y 2 = 1 and xy = yx. The elements 
x and y are grouplike elements, so bos(H(2) + ) = òos(-ff(2)_) — k[C2 x C2] as 
bialgebras. According to (|2.9[) the reassociator of bos(H(2) + ) — òos(ff(2)_) is 
given by 

$ x = 1 x I 1 ® 1 x I 2 ® 1 x I 3 

= lxl®lxl0lxl-2xp_®lxp_8lxp_ 
= 1 - 2p x _ ® p x _ ® p x _ 

since 1 x p_ = ~(1 x 1 — 1 x g) = — x) = p x _. Finally, using that > is trivial, 
(3 = 1 and the axiom (|1.6|) , we obtain Sh — S, the antípode of -ff (2). From (|2.10[) 
and ()1.6|) we deduce that the antipode of òos(ff(2)+) = bos(H "(2) _) is the identity 
map. Clearly, the distinguished elements a and (3 are respectively 1 x g = x and 
1x1 = 1. □ 

Example 2.9. li H and K are two quasi-Hopf álgebras then H ®K is also a quasi- 
Hopf álgebra with the componentwise structure. In particular, the reassociator of 
H ® K is 

*íj®k- = (xà ® X]r) ® (X| <g> X\) ® (X 3 H ® X%), 

where §h = Xjj (g> X 2 H ® X\ and <fr K = X\ <g> X\ ® X\ are the reassociators 
of respectively ff and K. Therefore ff (2) <g) ff (2) has a second quasi-Hopf álgebra 
structure. ff(2) <S> H(2) = k\Ci x C2] as a bialgebra but now it is viewed as a 
quasi-Hopf álgebra via the reassociator 

$ X> y = 1 - 2(1 <8>J>_) (g) (1 0P_) <g (1 

-2(p_ ® 1) <g> (p_ <8> 1) <g> (p_ (g) 1) + 4(p_ <g> (p_ <8>p_) <8> (p_ <g)_p_). 

If a; = 1 <g> <7 and y — g <E> 1 are the álgebra generators of ff (2) (g) -ff (2) then 

l®p_ = — l®flr) = ~(1 -z) :=p*, p_ ® 1 = = ~(l-y) 

and p_ ® p_ = j(l — 5) ® (1 — g) — j(l ~ x — y + xy) = p x _p v _. Therefore, $ X)J/ 
comes out as 

$x,y = (1 - 2p* «p! ®p 2 i)(l - 2p^ (g)p^). 

Note that the distinguished elements are a — xy and (3=1, and that the antipode 
is the identity map. Consequently, ff(2)(g)ff(2) is an involutory quasi-Hopf álgebra. 

Another example of involutory quasi-Hopf álgebra is the quantum double of -ff (2). 
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Proposition 2.10. The quantum double of -ff (2) is the unital álgebra generated by 
X and Y with relations 

X 2 = 1, Y 2 = X, XY = YX. 
The coalgebra structure on D(H(2)) is given by the formulas: 
A(X)=X®X, e(X) = 1, 

A(Y) = --(Y ®Y + XY ®Y + Y ® XY - XY ® XY), e(Y) = -1. 

The reassociator, the distinguished elements a and (3, and the antípode are respec- 
tively given by 

<5>x = 1 - 2p x ®p* ®p*, a = X, /3= 1, S(X) = X, S(Y) = Y, 

where we denoted p* — ^(1 — X). Moreover, D(H(2)) is an involutory quasi-Hopf 
álgebra. 

Proof. Using the commutativity and cocommutativity of H(2), (| 1 . 5[) . and the fact 
that (3 = 1, we find that the multiplication rule (|1 .34|) takes the following form on 
D{H{2)): ' 

(<p ix h)(ip' xi tí) = i&íl 5 -± <p)(íl 2 n 4 -± <p') ix íl 3 htí, 

for ali <p, ip' e ff (2)* and h, h' e ff (2). Now, from the definition (fL33)) of Q we find 
out that 

fl 1 ^ 5 ® ÍÍ 2 Í7 4 ® tt 3 = X 1 (ls) X 3 y 1 x 1 f 2 <g> X 1 {12) X 2 y 2 x 2 l x 3 f 1 <g> X\y 3 x\. 
Using the expressions of <É> and <i> _1 in (|2.5p we easily compute that 

X\ lX) X 3 ® X( 1<2) X 2 (81X2=1- 2p_ ® p_ 
a; 1 ® £ 2 a; 3 ® x 2 = 1 — 2p_ ® p_ (g) p + , 

$ _1 (/ 2 ® f 1 <E> 1) = p- <8> 1 ® p_ +p_ <8> 5 <&p+ + p+ «i 1 <8> 1, 

where / = g <£> p- + 1 <g> p+ is the Drinfcld twist of ff (2). By the above relations 
the multiplication of D(H(2)) comes out explicitly as 

(93 cx /i)(</?' >a h') = tptp' ix M' — 2(p_ V5)(p_ ip') ix p_hh'. 

Now, let {Pi,P 9 } be the dual basis of ff (2)* corresponding to the basis {1,3} of 
ff(2). Then e = Pi + P g and {e, /i = Pi - P g } is clearly a basis for ff (2)*. Now let 
X = e IX g and y = IX 1. Since p_ — P\ = ^/i and p- P g = — we obtain 
that 

X 2 = (e ix ix g) = e IX 1 - 2(p_ e)(p- e) = 1, 
17 = YX = pi tx g, 

Y 2 = fi 2 ix 1 - 2(p_ /i) 2 tx]p_=eixl — e ix 2p_ = e ix g = X, 

which are the multiplication rules that we stated. A computation as in the proof 
of Proposition \2~E\ shows that the reassociator of D(H(2)) has the desired form. 
Since ff (2) is commutative and cocommutative, (3 — 1 and <i> _1 = $ = Y 2 &Y 1 ®Y 3 , 
by (|1.35p we have 

A(ip tx h) = p\p 2 ip 2 ix p\X x h x ® X\X 3 (pi IX X 2 h 2 , 
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for ali ip E H(2)* and h E H(2). On the other hand, 
p\p 2 <g> p\X x ® X 2 X 3 ® X 2 

= (p + ®l®ltg)l-p_®g®l(g) 1)(1 - 2 ® p_ ®p_ <8>p+) 
= p+®l®l«)l-p_®g®l®l-2(g)p_®p_(X)p + . 

We then have 

A(X) = A(e xg)=£ixi#ig>£ixip = X(g)X, 
and since A(P X ) = Pi (g> Pi + P s ® P g and A(P 3 ) = Pi <g) P g + P 9 <g> Pi wc gct that 
AO) = A(Pi - P g ) = (Pi - P g ) ® (Pi - P 9 ) = M ® /x, and therefore 

A(y) =p_|_— ^/xlxiligi/iixil — í>- — ^/xixigigi/zcxil — 2/x ixi p_ (g) p_ — ^ixipj. 

= -xy<g>Y- -(y-xr)<g>(y + xy) 

as needed. It follows from Q1.36P that e(X) = 1 and s(Y) = — 1. 
Finally, in our particular situation (|1.38l) takes the forni 

S(> x ft) = p\p 2 U x f 2 -^ípoo p\\J 2 fh 

for ali (f G P(2)* and h E H. But p\p 2 f 2 ®p\f Y — U 1 ® U 2 — g®l, so the antípode 
for D(H{2)) is the identity map. Obviously, a = £ X p = X, /? = £ X 1 = 1, and 
our proof is complete. □ 

Remark 2.11. Since p\p 2 ®p\ — p+^l—p^Ç^g we have from (jl.40p that the canonical 
P-matrix for D(H(2)) \s R=pf®l-p x ® XY, where, as usual, p£ = |(1 ±X). 

At first sight there is no relationship between D(H(2)) and P(2) ® H(2) 1 so it 
comes as a surprise that these two Hopf álgebras are twisted equivalent. To show 
this, we will use the structure of the quantum double associated to a factorizable 
quasi-Hopf álgebra, see [2]. 

Recall from [2] that a QT quasi-Hopf álgebra (H, R) is called factorizable if the 
fc-linear map Q : H* — > P given for ali x G P* by 

(2.13) Q( X ) = (x, S{X 2 p 2 )f 1 R 2 r 1 U 1 X*)X 1 S(X 2 f)fR l r 2 U 2 , 

is bijective. Here r 1 ® r 2 is another copy of P, and U — U 1 ® P 2 , / _1 = g 1 ® g 2 
and pi — p 1 ®p 2 are the elements defined by (|1.41[) . (|1 . and (|1.20[) . respectively. 
The first step is to prove that P(2) is a factorizable quasi-Hopf álgebra. 

Proposition 2.12. For (H(2),R) with R as in Proposition \2.6\ the map Q from 
i2.13\) has the following form for ali x G H{2)* 

Q(x) = x( l )p- + x(g)p+- 

Since {p-,p+} and {1,<?} are bases for H (2) it follows that Q is bijective, so H(2) 
is factorizable. 

Proof. For P(2) the element pl has the form 

p L = X l X 2 ® X 3 = 1 - 2p_ (g) p_ = 1 - (1 - g) ® p_ = 1 ® p + + g ® p_ = /. 

Also, we can easily see that X í Xf ® X 2 X 3 = 1 and since / is an involution we 
conclude that 

X 2 X 3 p 2 f <g> X 1 X 2 p 1 f 2 = 1. 
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On the other hand, since uj 2 — 2uj = —2 it follows that R 2 r x ® R}r 2 = (1 — ujp- (g) 
P-) 2 = 1 — 2p- ®p~. We have already seen that U = g (g> 1, and therefore 

S(Xlp 2 )f 1 R 2 r 1 U 1 X 3 ® X 1 S{Xlp 1 )f 2 R 1 r 2 U 2 

= (1 - 2p_ ®P-){g ®l) = l®p-+g®p+. 

It is now clear that <2(x) = x(l)f>- + x(.<?).P+i f° r a h X £ H(2)* , and this finishes 
the proof. □ 

The structure of the quantum double of a finite dimensional factorizable quasi-Hopf 
álgebra (H,R) can be found in 2, Theorem 5.4]. More precisely, since (H,R) is 
quasi-triangular there exist two quasi-Hopf álgebra morphisms tt,tt : D(H) — > H 
covering the natural inclusion ip : H — > D(H). They are given by the formulas 

n(ip xth) = ip(q 2 R 1 )q 1 R 2 h and w(ip ixi h) = ip(q 2 R 2 )q 1 R 1 h, 

_ i — 1 — 2 

for ali ip £ H and h S H, where R = R ® R . Now, if we define 
(2.14) F = Y^x 1 X 1 y\ <g> Y^x 2 R 2 X 3 y 2 ® r 2 ^ 3 ^ 1 ^^! <g> F 3 ?/ 3 , 

and XJ = R g 2 ® R g 1 , then F is a twist on H ® H, U is an invertible element 
of ií <S> ií and C : D(H) -> (H <g> given by £(D) = 7r(D x ) ® tt(D 2 ), for ali 

D e D(H), is a quasi-Hopf álgebra isomorphism. We make this result explicit for 
the quasitriangular quasi-Hopf álgebra (H(2), R). 

Proposition 2.13. LetX,Y be the álgebra generators of D(H(2)) defined in Propo- 
sition [2Jlh and x,y the generators of H{2) ® H(2) = k[C2 x C2], the quasi-Hopf 
álgebra described in Example \2.9\ Let lj± = 1 ± i and consider the elements 

U± = p+ ® 1 + p- ® g + w±p- ® p- , 

F± = 1 - 2p x _p v _ ®ptp y + - 2p\p v _ ®p x _p v _ - uj±p x _ ®p y _, 

where p± = |(1 ± x) and p\ — h(l ± y). Then the maps Ç± : D(H(2)) — > 
(H(2)®H(2)j%±, given by 

(±(X)=xy, Ç±(Y) = -l+uj ±P x _+ui T p v _ = ~{w±x + u T y), 
are quasi-Hopf álgebra isomorphisms. 

Proof. Since H(2) is a factorizable quasi-Hopf álgebra everything will follow from 
the general isomorphism presented above. For -ff (2) we have q^ = 1 ®p+ — g ®p-. 
Also, it is easy to see that the inverse of R± = l—uj±p- ®p- is R T = 1 — u T p- ®p~, 
and therefore 

q 2 R± ® q 1 R± = p+®l-p-®g- uj±P- ®P-, 
q 2 R± ® q 1 ^ = q 2 R\ ® q 1 R\ =p + ®l-p-®g- uj t P- ® p_. 
From the structure of D(H(2)) in Proposition 12.101 we compute that ir(X) = 
= .9, 

tt(F) = ?r(p xi 1) = fi(p+)l - [i{p-)g - uj±íi{p-)p- = -g-w±p-, 

and, in a similar way, tt(Y) = —g — cu^p-. We get that ir(XY) = —1 + oj±P- and 
tt(XY) = — 1 + uj t P-, so (±{X) = g ® g = xy and 

(±{Y) = --(tf® ff) (Y ®Y + XY ®Y + Y ®XY - XY ®XY) . 
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After some straightforward computations we obtain 

tt(Y) ® n(Y) = xy + 2p x _p y _ + iv ± xp v _ + u T yp x _, 
tt(XY) <g> 7f(F) = x - 2p x _p y _ - Lu ± xp y _ + u T p x , 
n(Y) <g> n(XY) = y- 2p x _p y _ + Lu ± p y _ - uJ T yp x _, 
ir(XY) ® n(XY) = 1 + 2p x _p y _ - uj±p y _ - u T p x _. 

Thus, we can compute: 

C± {Y) = -hxy + x + y-1- Ap x _p y _ + 2uj ±P y _ + 2w^p x _ ) 
= 1 — x — y — ío±p y _ — uj^p x _ 

= -1 + (2 - u T )p x _ + (2 - LU±)p V _ = -1 + iu ± p x _ + uj tP 1, 

and this is exactly what we need. Finally, one can easily see that the corresponding 
elements U± and F± for (H(2), R±) are exactly the ones defined in the statement, 
we leave the details to the reader. □ 

Remarks 2.14. 1) Keeping the notation used in Proposition 1 2 . 1 3\ we have that 

(C± ® C± ® C±)(*x) = ■■= 1 - 2P- V ® P- V ® P. v , 
where $x is the reassociator of D(H(2)) and p xy := |(1 — xy). We then have that 
$ X3/ is a 3-cocycle for fc[C 2 x C 2 ] and = ($ X)1( )f = ($x$2/)f, because of (|1.8[) . 
Here $ y = 1 — 2p^. ®p v _®p y _ is the 3 cocycle on fc[C 2 x C 2 ] corresponding to y. In 
other words we have proved that the 3-cocycles $ xy and Q x § y are equivalent. 
2) It follows from Proposition 12.131 that fc[Cy and k[C2 X Ca] are isomorphic as 
álgebras if char(fc) 7^ 2 and k contains a primitive fourth root of 1. This is well- 
known and can be easily seen directly: k[d] and fc[C 2 x C2] are isomorphic (as 
Hopf álgebras even) to their duais and the two duais are both isomorphic to fc 4 as 
álgebras. More explicitly, we have the following: £ + =70/300, where a, /?, 7 are 
the following three álgebra isomorphisms. {ei, e%, e$, e^} is the standard basis of 
fc 4 . 

a : k[Ci] = fc[V]/(V 4 - 1) -> fc 4 , a(Y) = ei + ie 2 - e 3 - ie 4 ; 
/?: fc 4 -> fc[C 2 x C 2 ] = fc[x,y], 

/3( ei )=p^, /3(e 2 )=p^, ^(e 3 )=^; /3(e 4 )=«; 
7 : fc[C 2 x C 2 ] -> fc[C 2 x C 2 ], 7(35) = xy, 7(3/) = -x, 7(xy) = -y. 

3. The pivotal structure of hM m when H is involutory 

If C is a monoidal category with left duality, then the functor (— )** : C — * C is 
strongly monoidal: we have an isomorphism ipç, : I — > J**, and for V,W € C, we 
have the following family of isomorphisms in C: 

<f>v,w- v**®w** Xn ^x* (w*®v*y [v®wy*. 

Xv,w ■ W* ® V* — > (V <X> W)* is the isomorphism described in [19j Proposition 
XIV. 2. 2]), and (Xy 1 ^)* is the transpose in C of the morphism Ay 1 ^, see [19j XIV. 2]. 
By dcfinition, a pivotal structure on C is an isomorphism i between the strongly 
monoidal functors Id and (—)**. This means that i is a natural transformation 
satisfying the cohcrcncc conditions 

(3.1) 4> v ,w (iv ® iw) = «yigiiv, 0o = «/• 
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The importance of pivotal structures lies in the following fundamental result of 
Etingof, Nikshych and Ostrik [13l Prop. 8.24 and 8.23]. Recall first that the 
category C = hM í(í of finite dimensional left modules over a quasi-Hopf álgebra 
H is monoidal with left duality. The structure is the following. If U, V, W are left 
ií-modules, define a v ,v,w ■ [U ® V) <g> W -> U ® (V <g> W) by 

a>u,v,w((u ®»)8i«) = $'(»®(d8 
Then ít.M becomes a monoidal category with tensor product (g> given via A, as- 
sociativity constraints ajj,v,Wt un it & as a trivial ií-module and the usual left and 
right unit constraints. In addition, every object V of C has a (left) dual object V* , 
the linear dual of V, with left if-action (h ■ ip,v) = (ip,S(h) ■ v). The evaluation 
and coevaluation maps are given by the formulas 

evy(tp &> v) = tp(a ■ v), coevy(l) = [3 ■ <g> ti 1 , 

i 

for ali </j G V* and t; G V. Here {ví]í is a basis of V with dual basis {v l }i in V*. 
The next result was proved in [13j Prop. 8.24 and 2.3]. 

Theorem 3.1. If H is a semisimple quasi-Hopf álgebra over an algebraically closed 
field of characteristic zero then H-M íá has a unique pivotal structure j : Id (— )** 
such that for any simple object V of C, dim fc ( V) — dimk(V), where dim k (V) := 
evy» o (jy (g) idy») o coevy is the (categorical) dimension ofV in C. 

The aim of this Section is to compute explicitly this unique pivotal structure for 
an involutory quasi-Hopf álgebra H. Note that, due to the trace formula proved in 

H is semisimple, so that Theorem 13. ll can be applied. 
We first give a description of ali pivotal structures on n-M ld , when H is finite 
dimensional. For this, we do not need any assumption on the groundfield k. 

Proposition 3.2. Let H be a finite dimensional quasi-Hopf álgebra over a field k. 
Then we have a bijective correspondence between pivotal structures i on C = hM ía 
and invertible elements Qí G H satisfying 

(3.2) S 2 (h)=õ^h Qi , 
for ali h G H and 

(3.3) A( fli ) = (fliSfliXSsSX/al 1 )/* 

where f = f 1 ® f 2 is the Drinfeld twist defined in hl. 15}) and /21 = f 2 ® f 1 ■ 

Proof. Since H is finite dimensional its antípode S is bijective, cf. [3]. 

Let V G H-M íd . We have a /c-linear isomorphism V — > V** , and V** can be 

regarded as V with newly defined left if-action h ■ v — S 2 (h)v. 

It has been pointed out in the literature (see [25J [29]), that there is a bijective 

correspondence between natural isomorphisms between the functors Id and (— )** 

and invertible elements Qí G H satisfying (|3.2p . Let us sketch this correspondence. 

Let i : Id — > (— )** be a natural isomorphism, and let Qí = S' 2 (i^ 1 (l)), ti = i_f/(l). 

For ali h G H, we have iii{h) = S 2 {h)ti and i~j^(h) = S~ 2 (hgi). In particular, 

1 = i^^i) = S^it-^i) and 1 = íh{S~ 2 {qí)) = hence 6, = gf 1 . Now take 

V G ff.M fd , and fix v G V. From the naturality of i, we deduce that iy(v) = 

(iy o /)(1) = (/ o íh)(1) — g^v. This means that i is completely determined by 

(3.4) l V (v)=Q- 1 V. 
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Now take V = H and v = h. (f3T4|) tells us that S 2 {h)Q~ 1 = i H {h) = Q^ l h, and it 
follows that (|3.2p is satisfied. 

For H a quasi-Hopf álgebra and C = H-M íd the isomorphisms Xy.w were computed 
in [TJ Proposition 4.2], namely 

X v ,w(w* ® v*)(v <Z> w) = (v*,/ 1 ■v)(w*,f 2 ■w), 

for ali v G V, w £ W, v* G and w* G VF*, where / = J 1 ® / 2 is the Drinfeld 
twist deíined in (|1.15|) . Observe that the isomorphism Xy,w is denoted (pwv m PO- 
It is not difficult to see at this point that \y\y is given by 

for ali ij) G (V <8> W 7 )*, where and are dual bases of V and V*, {Wj}^ 

and {wi}j are dual bases of W and and f^ 1 = g l ® g 2 is the inverse of the 
Drinfeld twist. 

It is then easy to establish that the first condition from (|3.1[) is equivalent to the 
following equivalent conditions: 

^v.wiiviv) <8> iw{w)) = iv®w{v <8> w) 
<^> \w*,v*(iv(v) <8> i^H) o \y^ w = i v ®w(v ® to) 

Av7»,v*(*v(w) (8> iw(w))(u>* ® v*) = iv®w(v (8 iu)(Ay,w(w* ® u*)) 
^ • w*)i v (v)(f 2 ■ v*) = Ay,iv(u)* O v*)(flí rl ' ( u ® w )) 

v*(S(f)&r l ■ v)w*(S(f 1 )si 1 ■ w) = «'(/'(ST 1 )! ' «)^*(/ 2 (C 1 )2 • «0, 

for ali V, W G C, w G 7, to G IF, v* G F* and G W*. Since ff is an object of C, 
this last condition is equivalent to 

A(0 í - 1 ) = r 1 (^®^)(/ 2 i)(0r 1 ®flr 1 )> 

which is equivalent to (|3.3|) . Now take x G k. It follows from (|3.4[) that jk{x) = 
e(g~ )x. Since </>o : k — * k** is the identity, we see that the second condition from 
(I3.ip is equivalent to e(jjj) = 1. If (|3.3p is satisfied, then e(fli) 2 = e(fli) (apply e ® e 
to (|3.3|) ). and it follows that e(Qi) = 1. This completes our proof. □ 

The categorical dimension corresponding to i is now given by the formula 

(3.5) à±m k (V) = Ç ««(flT^SÇa) • = Ç "^W" ' 

for ali V G C 

The element g corresponding to the unique pivotal structure j in Theorem l3.ll was 
computed in [25]. Since ií is semisimple there exists a (left and right) integral A 
in H such that e(A) = 1, cf. [28]. By (25] Corollary 8.5] we then have 

g = q 2 A 2 p 2 S(q 1 A 1 p 1 ), 

where pu — p 1 ® p 2 and qu — q 1 ® g 2 are the elements defined in (|1.19p . We 
should note that the above formula for g can be immediately obtained from the 
trace formula proved in [8] . An alternative way to compute g can be found in [29l 
Lemma 3.1], in the case where (3 is invertible. 

If H is an involutory quasi-Hopf álgebra, then S 2 is inner, and induced by /3S(a). 
We will now show that the invertible element g corresponding to unique pivotal 



INVOLUTORY QUASI-HOPF ÁLGEBRAS 



17 



structure on C is precisely 0S(a). In particular, g 1 = S((3)a, and the equalitics 
in (|3.5|) become trivial. 

Proposition 3.3. Let H be a finite dimensional involutory quasi-Hopf álgebra over 
an algebraic closed field of characteristic zero. Then the element g corresponding 
to the pivotal structure j in Theorem \3.1\ is equal to (3S(a). 

Proof. By [3] Lemma 2.1], we have for any left integral t in H that 

íi ® í 2 = fàh <g> ç 2 í 2 = ç^i ® S -1 ^)^- 

Replacing ií by H° p we íind for any right integral r in H that, 

ri <£> r 2 = rip 1 S' _1 (a) ® r 2 p 2 = rip 1 ® r 2 p 2 a. 

Now, since A is both a left and right integral in H we compute: 

= ^A/^^AV) = 5- 1 (^- 1 )A 2 p 2 5(A lP 1 ) = S-^-^Aaa-^AO 
e(A)S , - 1 (/?- 1 )a- 1 = pSfàSip-^Sfflaa- 1 = /3S(a). 

In the penultimate equality we used (|2. 1|) in its equivalent form, 5 f_1 (/i) = f3S(a) 
S(h)S(P)a, for ali Ti e íf. □ 



Assume that H is an involutory quasi-Hopf álgebra. It is a natural question to ask 
whcther the Drinfeld double D(H) is also involutory. We will present a sufficicnt 
condition in Proposition 13.41 In order to simplify the computations we need the 
following formulas 

(3.6) AV ® / 2 V S(/ 2 ) = g^m ® i? 2 ^ 1 ), 

(3.7) S(U 1 )q 1 Uf®q 2 Ul = f, 

where Pr = p 1 p 2 and qL = q 1 ® ç 2 are the elements defined in (|1.19p and (|1.20p , 
and / = Z 1 ®/ 2 is the Drinfeld's twist defined in (|1.15[) with its inverse / _1 = g 1 ®g 2 
as in (|1.16[) . (|3.6I3.7|) follow easily from the axioms and the basic properties of a 
quasi-Hopf álgebra. 

Proposition 3.4. Let H be an involutory quasi-Hopf álgebra such that 

(3.8) MS(P)a) = r\S ® S)(M)(S(j3)a ® S(p)a), 
where /21 = / ® / . Then D(H) is an involutory quasi-Hopf álgebra. 
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Proof. For ali <p G H* and h G H we compute: 

S%(ip cx /i) 

^(^C/ 1 - S~\ V ) - f 2 S-\ P 2 ) x piC/ 2 )( £ x S(S^)/ 1 )) 

^ F 2 S -1 (P 2 ) tx P 2 X W 2 )(£ M S(/ X ))(e ^ 5 2 (/i)) 
™2J {StèUtWStfVtltVSif*) - ^V) 

^G^F 2 ) - íT 2 ^) - F 1 5 -1 (sf 2 ) txi glG 2 S(f 1 F 2 )S 2 (h), 

where U 1 ®1à' 1 1 F 1 ®F 2 and G^G 2 are second copies ofí7, /and/ -1 , respectively. 
Using (13. 8|) twice and (1 1 . 1 1 [) we obtain that 

(A®id)(A(5C9)a)) 

= sjG 1 ^/ 2 J?)S(/3)a ® 52 1 G 2 5(/ 1 P 2 )5(/3)a ® ^(F^S^a. 

By (gUD and (gHj) we have 

S((3S{a)) = S 2 (a)S(/3) = S((3)a 2 (3S(í3a) = S{p)a 2 or l = S(f3)a, 
or, equivalently, S~ 1 (S((3)a) = (3S(a). We then have 
(e X S(f3)a)((p tx ft,)(e cx aS(/3)) 
™ g^SiflÇWfla - 0S(a)S- V^í*" 1 )) cx «^G^F 1 / 2 )^) 
= ffjG^C/ 2 ^ 2 ) - S~ 2 ^) - F x 5" V) ■* .g 2 1 G 2 5(/ 1 F 2 )5 2 (^) 
Sf^tx/i,), 

for ali ip G -ff* and h G H, and this means that D(H) is an involutory quasi-Hopf 
álgebra. □ 



Remarks 3.5. 1) The formula (|3.8|) holds for any finite dimensional involutory quasi- 
Hopf álgebra over an algebraic closed field of characteristic zero. Indeed, by Propo- 
sition l3~3l we have g -1 = S(/3)a, so (|3.8jl follows from (|3.3|) . Moreover, we believe 
that (|3 - 8(1 is satisfied for an arbitrary involutory quasi-Hopf álgebra; this would 
imply that ff is involutory if and only if D(H) is involutory. Somehow this should 
follow naturally from the equality A(S 2 (h)) — A(S(p)ahf3S(a)) which is equivalent 
to 

A(S(/3)a)Á(h)A(pS(a)) 

= f-\S ® S)(f 21 )(S(f3)a ® S(f3)a)A(h)(f3S(a) ® /35(a))(S ® SJÍ/al 1 )/. 

2) For -ff (2), the condition (|3.8p reduces to A(g) = g ® g which is just part of the 
definition of H(2). So Proposition 13.41 gives a new proof for the fact that D(H{2)) 
is involutory. 
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3) One of the aims in [25] was to compute the Frobenius-Schur indicator for the 
irreducible representations of D UJ (G). Note that D"(G) is a particular case of the 
quasi-Hopf álgebra D U (H) roughly described in Example 12.51 1). Thus D U '(G) is an 
involutory quasi-Hopf álgebra, so the element g corresponding to _D U (G) is /?, and 
its inverse is = S(/3). 

4. Representations of involutory quasi-Hopf álgebras 

The goal of this Section is to study the representations of an involutory quasi- 
Hopf álgebra H over a field k. In the case where H is semisimple, we will show 
that the characteristic of k does not divide the dimension of any finite dimensional 
absolutely simple ií-module. Following (9j Definition 3.42] a left ií-module V is 
called absolutely simple if for every field extension k Ç K, K® V is a simple K®H- 
module or, equivalently, if every ii-endomorphism of V is on the form c idy for 
some scalar c S k (see [5] Theorem 3.43]). 

The case when H is not semisimple is treated as well. In this case the characteristic 

of k divides the dimension of any finite dimensional projective ií-module. 

In the case of Hopf álgebras, the first result was initially proved for Hopf álgebras 

by Larson in |22j and afterwards by Lorenz |24j in a slightly more general shape. 

The Hopf álgebra version of the second result is also due to Lorenz [24 . 

Before we are able to prove these results over involutory quasi-Hopf álgebras, we 

need some preliminary results. 

Let V and W be left H- modules and denote by Hom# (V, W) the set of ií-linear 
morphisms between V and W. If V is finite dimensional then Hom#(V, W) = 
HomH(k,W Cg> V*) as fc-vector spaces. Actually, this isomorphism works in any 
monoidal category C, in the sense that for any object V of C admitting a left dual 
object V* and for any W e C we have Homc(V, W) = Hom c (l, W (g> V*), where 1 
is the unit object of C. Indccd, it is well-known that 

Hom c (F, W) 3 ■d »-> (l V®V* Í^XX W ® V*^j e Hom c (l, W ® V*) 

is an isomorphism in C; its inverse is given by 

Hom c (l, W ®V*)3 (v Í 1 ® V (W <£> V*) ® V 

W®(V*® V) Mw ® cvv . W®l^w)e Rom c (V, W), 

where a,l,r are the associativity, and the left and right unit constraints of C. 

In particular, if V £ H M fd then F,nd H (V) := Rom H (V,V) is isomorphic to 

Homjí(fc, V ® V*), as fc-vector space. 

Secondly, for any morphism a : V — > V** in n-M. the categorical trace Tr v (a) of 
a is defined as the scalar corresponding to 

cocv v „ a®Id v » x ,** T ,* cv v * 

k ► V O V ^* V ® F — * fc. 

We are now able to prove one of the main results of this Section. 

Theorem 4.1. Let H be a semisimple involutory quasi-Hopf álgebra over a field 
k of characteristic p > 0. Then p does not divide the dimension of any finite 
dimensional absolutely simple H -module. 
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Proof. Since H is involutory we have S 2 (h) = for ali h G H, whcre g = 

(3S(a) and g -1 = S(0)a is its inverse in H . Then for any V G H-M ld we get that 
a : V — > V** defined by a(v)(v*) = ■ v), for ali v G V and u* G T^*, is an 

isomorphism in #.M fd . Moreover, its categorical trace Tr v (a) coincides with the 
usual fc-dimension of V . Indeed, if {ví} í= i^ is a basis in V with dual basis {v 1 } í= y^ 
in V* we then have 

n n n 

TLvía) = £a09-w í )(at> i ) = X^Oífl -1 ^) = £« i (S03a)a J 8.t; < ) - dim k (V), 

i—l i—l i—l 

because of Lemma 12.21 

Assume now that V is a finite dimensional absolutely simplc íf-module. Thus 
V G H M fd and dim fc (End ií (V)) = 1. We claim that Tr y (a) ^ 0; this would imply 
that dimfe(F) ^ 0, as required. 

By the way of contradiction, if Try (a) — we then obtain a sequcncc 

o^k^X v®v* cv ^ Id ^> fc^O 

in h-M^ with Im(coevy) C Ker(evy*(a ® Idy»)). Since if is semisimple fc is a 
projective left H- module, and so we get a sequence in k-M, 

O^k Hom H (fc, V (g> V"*) — ^ fc -> 0, 

with £ and u fc-linear morphisms satisfying Im(£) Ç Ker(w). Now, if ip : k — * 
Homíf(fc,y ® V*) is a fc-linear map such that vtj) — Idfe and := tpv then 
6» 2 = 6, hence Hom ff (fc, V" <g> V^*) = lm(0) © Ker(0). Taking into account that 
lm(0) = Im(-0) = k and that Ker(0) = Ker(u) D Im(C) = fc it follows that 
dim^Homjí^y ® 7*)) > 2. Thus 1 = dim fc (End ff (V)) = dim fe (Homjí(fc, V ® 
V"*)) > 2, a contradiction. □ 

Remark 4.2. Some arguments in the preceding proof have also been used in [13j in 
the context of fusion categories. 

Using Schur's Lemma and Thcorcm l4.ll we immediately obtain the following result. 

Corollary 4.3. Let H be a semisimple involutory quasi-Hopf álgebra over an alge- 
braically closed field of characteristic p > 0. Then p does not divide the dimension 
of any finite dimensional simple H -module. 

We will now focus attention to the case where H is not semisimple. Let V and W 
be two left H- modules. Then Homfc(V, W) is a left ií-module, with structure given 
by the formula (h ■ tp)(v) = h\ ■ ip(S(h 2 ) ■ v), for ali h G H, i/j G Hom fe (V, W) and 
v G V. Furthermore, if V is finite dimensional then Hom^V, W) =W ®V* as left 
H- modules. To see this take {'Vj}j = T~s a basis in V with dual basis {w 1 } í= tu an d 
define 

n 

£ : Hom fc (V, W) 3 x ^ x ^ v% e W ® V * ' 

i=l 

Then £ is a left íf-linear isomorphism with 

f^lfgrBicgw^fDH v*(v)w) G Uom k (V, W). 

(The verification of ali these details is left to the reader.) In particular, if V is a 
finite dimensional left i/-module then Endfc(F) := Homfc(V,F) = V ® V* , as left 
ií-modules. 

In order to simplify the proof of Theorem 14.51 we first need the following result. 
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Proposition 4.4. Let H be a finite dimensional quasi-Hopf álgebra and P, Q finite 
dimensional projective left H-modules. Then: 

(i) P* = Honifc(P, k) is a projective left H -module; 

(ii) P®Q is a projective left H -module, where the H -module structure of P©Q 
is defined by the comultiplication A of H ; 

(iii) Endfc(P) is a projective left H -module. 

Proof. (i) Note that, if V is a left P-module then V* , the linear dual space of V, is 
a left ií-module via the P-action (h ■ v*)(v) = v*(S(h) ■ v), for ali v* £ V* , h £ H 
and v £ V. 

Since P is finite dimensional it follows that P is a finitely generated projective 
left ií-module. Therefore, there exists n £ N and a left ií-module P' such that 
P © P' ^ H n as left ÍZ-modules. Thus 

{H n )* = Homfe [H n , k) = Hom fe (P®P',k) 

S Hom fe (P, k) © Homfe (P', fc) = P* © P'*, 

as left P-modules. Now, H is finite dimensional, so from the proof of [Hl Theorem 
4.3] we know that the map 

H 3 h >-> (ti i-> X(tiS(h))) £ H* 

is bijective. Here A is a non-zero left cointegral on P, we refer to [18] for the 
dcfinition of a left cointegral. Replacing H by H° p cop we get that H = P* as left 
P-modules. 

Then we obtain that H n 9é (H*) n = (H n )* = P* © P'*, as left P-modules, so P* 
is a projective left P-module. 

(ii) We follow the same line as above. There exist n, m £ N and two left P-modules 
P' and Q' such that P © P' ^ P" and Q(g>Q' = P m , as left P-modules. We then 
have 

(P © P)" m £ P" © H m Si (P © Q) © (P © Q') © (P' © Q) © (P' © Q'), 

as left P-modules. It now suffices to show that H © P, with the diagonal P-action, 
is free as a left P-module. To this end, we will show that the map 

.P © .P -> .P © P, © /i') = íp/i2 © S'- 1 (g 1 /i' 1 )/i, 

is a left P-linear isomorphism. Here we denoted by H © H and .P © P the fc- 
vector space P©P, respectively with the diagonal left P-action, and left P-action 
given by left multiplication. çl = Ç 1 © <7 2 is the element defined in (|1.20|) . For ali 
h, h', h" £ H we have that 

H(h" ■ (fe © h')) = © ti^ti) = q 2 ti{ 2 2) ti 2 © S^tfti^tijtiih 

^3^ /i"? 2 ^ © ^-H? 1 ^!)^ = h"n{h © h'), 

proving that /j, is left P-linear. It is easy check that the map 

: H © P — > .P © .P, © /i') = /iip x /i' © h 2 p 2 

is the inverse of fi. More precisely, (|1 .23|) and (|1.28p imply that o fj, = id, while 
(|1.24p and (|1.27p imply that fio = id, we leave the verification of the details to 
the reader. 

(iii) If P is finite dimensional, then Endfe(P) = P © P* as left P-modules. (iii) is 
now an immediate application of (i) and (ii). □ 



22 



D. BULACU, S. CAENEPEEL, AND B. TORRECILLAS 



We are now able to prove the second important result of this Section. 

Theorem 4.5. Let H be a finite dimensional involutory quasi-Hopf álgebra over a 
field of characteristic p>0. If H is not semisimple, then p divides the dimension 
of any finite dimensional projective H -module. 

Proof. Let P be a finite dimensional projective left ii-module and suppose that p 
does not divide dinifc(P). If a : P — * P** is the isomorphism in ^M.^ d defined in 
the proof of Theorem l4.1[ specializcd for V = P, then Tr P (a) = dimfc(P) =/= in k, 
and so coevp : k — > P ® P* is a split monomorphism. Hence, k is isomorphic to a 
direct summand of P <£> P* which is a projective left ií-module by Proposition l4.4l 
It follows that k is a projective left ií-module. 

Now, since e is left ií-linear and surjective, we obtain that there exists an ií-lincar 
map i? : k — > H such that e o d = idk- Then t = $(lft) is a left integral in H since 

ht = hê(í k ) = ti(h • l fe ) = e(h)ê{l k ) = e(h)t, 

for ali h € H . Moreover, e(t) — e(d(\k)) = lfe, so by the Maschke-type Theorem 
proved in [28] we obtain that H is semisimple, a contradiction. □ 

5. Involutory dual quasi-Hopf álgebras with non-zero integrals 

Let H be a finite dimensional quasi-Hopf álgebra over a field of characteristic p > 0. 
It was proved in [8] that 

Tr (h ^ (3S(a)S 2 (h)S((3)a) = e(r)A(S'- 1 (a)/3), 

where r is a non-zero right integral in H (this means a left integral in ií op ) and 
A is a non-zero left cointegral on H such that A(5(r)) = 1. In particular, if H is 
involutory it follows from Lemma [2?2] that S(a)S 2 (h)S(f3)a = h, and 

dimfc(ií) = Tr{id H ) = e(r)X(S~ 1 (a)f3). 

Thus a finite dimensional involutory quasi-Hopf álgebra is both semisimple and 
cosemisimple if and only if dimfe(ií) ^ in fe. We recall from [18j [8] that H is 
called cosemisimple if there is a left cointegral on H such that X(S~ 1 (a)f3) ^ 0. 
Consequently, we obtain that a finite dimensional involutory quasi-Hopf álgebra 
over a field of characteristic zero is always semisimple and cosemisimple. 
By duality, we obtain that a finite dimensional involutory dual quasi-Hopf álgebra 
over a field of characteristic zero is both semisimple and cosemisimple. The aim of 
this Section is to study the infinite dimenensional case. In fact, we will prove that 
an involutory co-Frobenius dual quasi-Hopf álgebra over a field of characteristic 
zero is cosemisimple. Our approach is based on the methods developed in [lOj . 
Throughout this Section, A will be a dual quasi-Hopf álgebra. Following [27], a 
dual quasi-bialgebra A is a coassociative coalgebra A with comultiplication A and 
counit e together with coalgebra morphisms tua '■ A® A —* A (the multiplication; 
we write uiaÍci <g) b) = ab) and t/a '■ k — > A (the unit; we write 77^4 (1) = 1), and an 
invertible element <p s (A® A® A)* (the reassociator), such that for ali a, b, c, d G A 
the following relations hold (summation understood) : 

(5.1) a 1 (b 1 ci)ip(a 2 ,b 2 , c 2 ) = <p(ai, 61, c 1 )(a 2 b 2 )c2, 

(5.2) lo = al=a, 

(5.3) ip(ai, h, Cidi)íp(a2b 2 , c 2 , d 2 ) = ip(bi, c x , d\)<p{ai, b 2 c 2 , d 2 )ip(a 2 ,b 3 , c 3 ), 

(5.4) cp(a,l,b)=s(a)s(b). 
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A is called a dual quasi-Hopf álgebra if, moreover, there exist an anti-morphism 5* 
of the coalgebra A and elements a, f3 £ H* such that, for ali a G A: 

(5.5) S(ai)a(a 2 )a 3 — a(a)l, aif3(a 2 )S(a 3 ) = (3(a)l, 

(5.6) ip(a 1 /3(a 2 ), S(a 3 ), a(a 4 )a 5 ) = ip~ 1 (S(ai), a(a 2 )a 3l (3(a 4 )S(a 5 )) = s(a). 

It follows from the axioms that 5(1) = 1 and a(l)/3(l) = 1, so we can assume that 
a (l) = = 1. Moreover and (fSTI)) imply 

(5.7) (p(l, a, b) = ip(a, b, 1) = e(a)e(ò), V a, b G A. 

Note that, if A is a dual quasi-bialgebra then A*, the linear dual space of A, is an 
álgebra with multiplication given by the convolution and unit e. 
We call a dual quasi-Hopf álgebra A involutory if 

(5.8) S 2 (a) = P(S(a 1 ))a{a 2 )a 3 f3(a i )a(S(a 5 )), VaeA 

The proof of the following result is formally dual to the proof of Lemma 12.21 and 
Proposition l2.41 and is left to the reader. 

Proposition 5.1. Let A be an involutory dual quasi-Hopf álgebra. Then {[3 o S)a 
is convolution invertible with (((3 o S*)») -1 = j3{a o S). In particular, the square of 
the antípode is coinner, so the antipode S is bijective. 

Moreover, the elements a and (5 are convolution invertible and for ali a G A the 
following relations hold: 

S(a 3 )a~ 1 (a2)ai = a~ 1 (a)í and a 3 (3~ 1 (a 2 )S(ai) — /3~ (a)l. 

Let A be a dual quasi-Hopf álgebra. The connection between integrais and the 
ideal A* lat was given in [SJ. A* lat is our notation for the left rational part of A*, 
and coincides with the right rational part of A*, see [3]. Also recall that a left 
integral on A is an element T G A* such that a*T = a*(í)T, for ali a* G A*, and 
that J ; is the standard notation for the space of left integrais on A. Finally, note 
that A* lat ^ if and only if J. ^ 0, if and only if A is a left or right co-Frobenius 
coalgebra. In this case dim/ c (/ ; ) = 1 (see [3]). 

Now let cr : A® A — > A* be defined by a{a®b){c) — ip(c,a,b), for ali a,b, c G A. a 
is convolution invertible, with inverse given by a" 1 (a ® ò)(c) = (p _1 (c, a, ò), for ali 
a,b,cE A. Now define 6* : J ; <g> A -> A* rat by 

9*(T ® a) = <7(S(a 5 ) ® a(a 6 )a 7 )(T v- a 4 )cr _1 (5(a 3 ) ® /3(5(a 2 ))5 2 (ai)), 

for ali T G J ; and a G A. The right A-action ^- on A* is given by (a* r- a)(b) = 
(a*,bS(a)), for ali a* G A* and a, b G A It is proved in [2l Proposition 4.2] that 9* 
is a well-defined isomorphism of right A-comodules. 

Assume that S is bijective, and define the elements pr, qn G (A<g> A)* by 

(5.9) p R (a, b) = <p- x (a, h, S(b 3 ))p(b 2 ), q R (a, b) = <p(a, b 3 , S^ib^aiS- 1 ^)). 
Then the map 8* can be written in the following form: 

9*(T ® a)(b) = qnih, S(a 3 ))T(b 2 S(a 2 ))p R (b 3 , S(a t )), 
for ali a, b G A and Te J ( . 

Let A be a co-Frobenius dual quasi-Hopf álgebra with non-zero left integral T. For 
every a* G A* Yat , there exists a G A such that 

(5.10) a*(b) =uj T (b,S(a)), 
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for ali b £ A. The map lot ■ A <£> A —> k is defined by the fomrula 

(5.11) Lú T (b, a) = q R (bi, ai)T(b 2 a 2 )p R (b 3 , a 3 ), 

for ali a,b £ A. The next two Lemmas will be crucial in the sequei. 

Lemma 5.2. Let A be an involutory dual quasi-Hopf álgebra, and T a left integral 
on A. The map lot satisfies the following formula, for ali a G A: 

(5.12) Lu T (a 2 , S( aí )) = T(l)(3(S( ai ))a(a 2 ). 
Proof. For ali a, b £ A, we have 

(5.13) Çfl(ai,5(62))/9(63)T(o 2 5(6i)) = T(aS(b)). 

This formula is the formal dual of the first equality in [3l Lemma 2.1, (2.3)]. 



Also, from (|5.8[) and Proposition 1 5 . 1 1 we have for ali a £ A that 
(5.14) a = /3(a 1 )a(5(a 2 ))5 2 (a 3 )/3(5(a 4 ))a(a5). 



We then compute, for ali a £ A that 

«o. 

,5 



te (5 2 (a 6 ),5(a 3 ))/3(a 4 )a(5(a 5 ))T(5 2 (a 7 )5(a 2 )) 



wr(ag^ai)) = /3(a 2 )a(S , (a 3 ))w T (S' 2 (a4), S(a 1 ))/3(S(a 5 ))a(a e ) 



xp_ R (5 ,2 (a 8 ), S , (ai))/3(S , (a 9 ))a(aio) 
a(5(a 3 ))T(5 2 (a 4 )5( a2 ))p ií ,(5 2 (a5),^(ai))/3(5(a 6 ))a(a 7 ) 
r(l) a (5( a2 ))p fl ,(5 2 (a 3 ),5( ai ))/3(5(a4))a(a5) 



T(l)e(S(a 1 ))P(S(a 2 ))a(a 3 ) = T(l)/?(S(ai))a(a 2 ), 
as claimed, and this completes the proof. □ 
Our next result is a generalization of [10[ Lemma 1]. 

Lemma 5.3. Let H be an involutory dual quasi-Hopf álgebra with a non-zero left 
integral T and J a finite dimensional non-zero left A-subcomodule of A which is a 
direct summand of A as a left A-comodule. Then dimfc(J) = cT(l), for some scalar 
ce k. 

Proof. Let J' be a left A-subcomodule of A such that J © J' — A, and define 
a* £ A* by a* (a + a') = e(a), for a £ J and a' £ J' . Sincc J is finite dimensional 
it follows that Ker(a*) contains a left A-subcomodule of A of finite codimension. 
It then follows from [ITJ Corollary 2.2.16] that a* £ A* rat , and we have an element 
a £ A such that a*(b) = u> T (b, S(a)), for ali b e A. 
For ali b, c £ A, we have the following formula (cf. [3j (4.16)]) 

q R (b 2 , S(ca))T(6 3 5(ci))6i = çafo, S(c 2 ))T(ò 2 S( Cl ))c 3 , 

Using this formula and the definition of lot we compute that 

a* b = a*(b 2 )bx = oo T (b 2 , S(a))bi = q R (b 2 , S , (a 3 ))T(6 3 5(a 2 ))p fi (fe 4 , S(ai))òi 

= qn(bi, S(a 3 ))T(b 2 S(a 2 ))pR{b 3 , S(ai))a,4, = wr(b, S(ai))a 2 , 

for ali b E B. Now consider a basis {ai} i=1 -^ for J and {a' A }AeA a basis for J' and 
then write 

n 

A(a) = bi <g> a l + ^ b' x ® a' A 
»=i AeA 
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for some elements b' x £ A. We then have 

ctj = £((a J -) 2 )(a J )i = a*((a j ) 2 )(a j )i = a* dj = LU T (aj, S(ai))a 2 

n 

= ^2u T (aj,S(bi))ai + ^w T (aj, S(b' x ))a' x , 

i=l AeA 

for any j £ {1, • • • , n}, so 

u T (aj,S(bi)) = 5 it j and u> T (a,j, S(b' x )) = 0, 

for ali i,j £ {1, • • • , n} and A £ A, where 5{j is the Kronecker's symbol. 
In a similar way, we compute for ali A' £ A that 

= a*((a'y) 2 )(a' y ) 1 = a* -± a' x , = uj T (a' x , , S(a 1 ))a 2 

n 

= S(bi))ai + ^2 u T (a! x ,,S{b' x ))a! x 

i=l A6A 

We find that uj T (a' x ,, S(b t )) = uj T (a' x , , S{b' x )) = 0, for ali i £ {1,-- • ,n} and A, A' £ 
A. It follows now that 

n 

dim fc (J) = ^u;T{ai,S(bi)) + 2J u T (a' x , S(b' x )) = u T (a 2 , S(ai)). 

i=l AeA 

From Lenuna O we conclude that dimfe(J) = T(l)f3(S(ai))a(a 2 ), so dinife(J) = 
cT(l) for c = /3(5(ai))a(a 2 ), as claimed. □ 

We can now prove the main result of this Section, generalizing [TUI Theorem 2]. 
The remaining arguments are a purely coalgebraic flavour, and are identical to the 
arguments in [10] . 

Theorem 5.4. Let A be an involutory dual quasi-Hopf álgebra with non-zero inte- 
gral over a field of characteristic zero. Then A is cosemisimple. 

Proof. We have that A is an injective left A-comodule, so there exists an injective 
envelope J of fcl^ such that J Ç A. Being injective, J is a direct summand of A. 
Since A is co-Frobenius by |23l Theorem 3] we obtain that J is finite dimensional. 
Applying Lemma IQ1 we deduce that T(l) ^ and from [31 Theorem 4.10] we 
conclude that A is cosemisimple. □ 
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